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A PARITY DIGRAPH HAS A KERNEL

MOSTAFA BLIDIA

Received 5 April 1984

We show that every digraph has a kernel (i.e. an absorbing and independent set) under the
following parity condition: For every pair of vertices x, y xzy all minimal directed paths between x
and y have the same length parity.

1. Introduction

A kernel of a digraph D=(V, U) is a subset K< V which is both independent
and absorbing. This notion was introduced after game theory concept due to Von-
Neumann—Morgenstern {1], {7], [8]-

Not all digraphs have a kernel, different sufficient conditions are known in the
literature implying the existence of kernels 2], [3], [4], [5], [6].

In this paper, answering a problem proposed by P. Duchet, we prove that
a parity digraph has a kernel.

2. Definitions and notation

A digraph D=(V, U) is a finite directed graph without loops nor multiple
arcs. V'is the vertex-set of D and U its arc set. We have US{(FX V) —{(v, v), v€ V}}
By a path, we mean an elementary path.

A path C(v,,v,)=(v,, ..., v,) of a digraph D is minimal when (v;, v,) is not
anarc of D forevery i,j 2=i+1<j=p.

The parity of a path C is the parity of the number of its arcs.

A digraph D=(V, U) is called a parity digraph if, for every pair of vertices x
and y (x#y) of D, all minimal paths between x and y have the same parity.

For a digraph D=(V, U) and SSV we denote by G[S] the subdigraph
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induced by S. We set
r+(x) = {yevi(x, y)eU}

r=(x) = {peviQy, x)eu}
r+(4)= U 't

x€A

r-(4)= J‘LGJAI"‘(x).

We recall the following definitions [1].

An absorbing set of D is a subset K if ¥ such that I (K)UK=V.

An independent set of D is a subset K of ¥ such that (' (K)UI't (K))NK=9.
D is said to be kernel perfect if every induced subdigraph has a kernel. A vertex y
is a successor (resp. predecessor) of a vertex x if yeI*(x) (resp. yeI'~(x)).

We denote by

C(x0, Xp41)=(Xo, X3, ..., Xp+1) a path joining x, to x,.1, with (x;, x,,,)€U
for O0=i<p.

C(a, b) the subpath of C(xy, x,+1) joining a=x; to b=x;, 0=i=j=p+1.

C(x, y)& C(y, z) the path from x to z obtained by prolongation of the path
C(x, y) by the path C(y, z).

3. The main result

Theorem. A parity digraph has a kernel.

Proof, The proof is by induction on the number of vertices of D=(V, U), D a parity
graph.

The theorem is true for digraphs having less than four vertices.

Let x, be a vertex of D. By hypothesis D\x, has a kernel N. We define a
sequence of sets associated to x, as follows (see Figure 1).

By =T"(xp)
No=T"(B)NN

By = I't (Ng) NN\ xg\Bo)
Ny = THBYN(N\N)

’ i—1
B, = T'H(N,_ )NV \xp\ .UO B;)
o
i—1
=TI*B)NN\U N)
i=

Let k be the smallest integer such that N,.,=@. It is clear that if x, has a
successor in N, then N is a kernel of D. Thus I't (x) N N=0.
We break the proof into several steps.
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Fig. 1

(1) In the sequence defined above By is not empty.

Otherwise, let N' be a kernel in the subdigraph G[V\T7I " (x,)], clearly N”"=
={x,}UN’ is a kernel in the digraph D. (A kernel in G[V'\J ~{x,)] exists by hypot-
hesis of induction).

(2) If N,=0, i.e. every vertex adjacent to Ny in D\, has a successor in
N, we take a kernel N’ in the subdigraph G[V\(N,UI'~ (Ny))]. (It exists by the
hypothesis of induction).

We show that the set N'=N,UN’ is a kernel of D.

— It is absorbing by construction.
— It is independent since x, is not joined to vertices of N,, otherwise we obtain a
contradiction with the parity condition.

k
(3) The subdigraph G[¥V\ U (N;NT'~(N;))] has a kernel N’ by the hypot-
i=0

k
hesis of induction. We show that the set N”"=(\J N)UN’ is a kernel of the digraph
i=0
D. 1t is absorbing by construction.

Xy ny €Ny
b,€8,

Fig. 2
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N"is independent for the following reasons:

a) N’ and U N, are independent subsets by definition.

1

b) No vertex of N™\x, is Jomed to vertex of N,;, i=0, ..., k, because otherwise it
would not be in G[V\ U (F;Ur-yjl-

¢) It remains to prove the followmg step.
(4) x,is not joined to vertices of N;, i=0, ..., k.

The proof is by induction on the N;. x, cannot be joined to Ny, otherwise we
obtain a contradiction with the parity condition.

Suppose that x, is not joined to N;, 0=i=p and show that it is true for N, ,,
Suppose that on the contrary x, is joined to Hp+1€Nps1. By construction, there exists
a path from x, to n,.;: C(xq, x,41) alternately going through vertices of B; and N;
0=i=p+1. Weshow that the only minimal path from x; to 1, ; induced by lhe ver-
tices of C(xy, 1,41)1s C(xg, np41). Thus, we obtain a contradiction with the parity of
digraph D. (Because, from x; to n,, the minimal path has an even parity but from

n,4+1 10 Xo we have an arc (n,;1, Xo)€ U.) For that, we must prove there are no arcs
(b;, b;) when b£B; and b;cB; for all 0=i<j=p of the path C(x,,n,,,) (see
FIEUI’E 3).
We observe that there are no arcs of the following forms:

(n;,b,) i<j—1 by definition of B;,q,
J

(bj,n) i>j by definition of ;.

Fig. 3



PARITY DIGRAPHS 27

We suppose that (b;, b;) exists i <j. Set
Jjo = min (jl(b;, b)) exists i< j)
ip = min (i{(b;, b;)) exist i< j,).

Then (b,,, b;,) is the first arc met by the path C(x, n,,). Since there are no arcs

(b:, b;) before (b;,, b;,), a minimal path induced by the path C(x,, n;,—;) is exactly
C(xy, n;,—,) and has an even parity. On the other hand there exists a minimal path
induced by C(n;,_1, #p1) & (1,41, Xo) 71j,~1 10 X, With an even parity which must go
through b, (because by construction of B;, the arcs (n;,_4, b;), /=>J, cannot exist).

Then, a minimal path induced by C(b;,, n,41) & C(n, 41, X,) from by, to x, has
an odd parity but a minimal path induced by C(x,, b;)) & C(b;,, b;,) has an even
parity (since C(xq, b;,) is with an 0dd parity and there are no arcs (b;, b;) before
(b;,» b;,))- We obtain a contradiction with the parity condition of digraph. Hence
(b;, b;) for all i<j cannot exist. |

Corollary., Parity digraph are kernel perfect,

Proof, Obvious, since every minimal path in an induced subdigraph of a digraph D
is also a minimal path in D.

4. Remarks

The ideas used in the first (constructive) part of the proof are closely related to
a construction of V. Neumann Lara [4].

On the other hand, we mention the forthcoming paper [2] where we prove a
similar result for undirected parity graphs with an orientation condition.
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